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MATHEMATICS 
ON THE MOMENT PROBLEM IN NON-ARCHIMEDEAN 
ANALYSIS 
BY 
A.F.MONNA 
(Communicated by Prof. T. A. SPRINGER at the meeting of November 25, 1967) 
The moment problem can be defined as the problem of the existence 
of linear continuous functions on a locally convex space, in particular 
on normed spaces, with prescribed values on a subset. 
This problem can be generalized by considering linear mappings from 
a space E into a space F. For spaces overl\ the result of such a generaliza-
tion is rather meager owing to the fact that the so called extension property 
for linear mappings-which is defined in analogy to the theorem of 
Hahn-Banach-is true only under very strong conditions. However, a 
generalization is easy for spaces over a non-archimedean valued field. 
We have thus a simple application of the structure theory of these spaces 
and of non-archimedean integration theory. 
1. Let K be a non-archimedean non-trivially valued fiield. Eisa locally 
convex space over K; the topology of E is determined by the set r of 
non-archimedean semi-norms p. Put 
Np={p(x)lx EE}, 
NK={JaJla EK}. 
Suppose that E satisfies the condition N p C N K (condition N). 
Let F be a normed space over K with the non-archimedean norm 
II·IIF; F is supposed to be spherically complete. Let q; be a mapping from 
G C E into F. 
Theorem 1. A linear continuous mapping T from E into F satisfying 
the following conditions 
(i) 
(ii) 
T(x) = q;(x) 
sup IIT(x)IIF~M 
l)(O:) ;:;;1 
for all X EG, 
for some p E F, 
exists if and only if there exists p E r such that 
.. " (1) II 2 at q;(xt)IIF~M · p( 2 at Xt) 
i=l i=l 
for all finite sequences (xth;;;; t;;;; n, Xt E G, and all ai E K. 
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Proof. 
Necessity. Because Np C Nx, (ii) implies that there exists p E F such 
that iiT(x)iiF;:;;;Mp(x); with (i) this implies (1). 
Sufficiency. A p e r such that (1) is satisfied exists. Consider the 
topology .'ToonE, determined by this p only. This topology is weaker 
than the given one on E. Using the extension theorem in non-archimedean 
analysis (INGLETON [3], MoNNA [4]), which can be applied because F 
is spherically complete, one proves in (E, .'To) the existence of an extension 
T along the classical line (see BANACH [2]). T is continuous in the topology, 
determined by r, because this topology is stronger than .'T 0; it satisfies 
the conditions (i) and (ii) for this p. 
Remarks a. If Eisa normed space, (ii) is equivalent with IITII;;.;;M. 
b. A further generalization should be to take for F also a locally 
convex space. For the moment this cannot be done in the same way 
because an extension theorem is not available for the general case. 
c. An analogous generalization of the moment problem for spaces 
over 1\ can be given for spaces F over '6 satisfying the so called extension 
property. According to a theorem of NACHBIN [6] this is the case if and 
only if the collection of the spheres in F has the binary intersection 
property. 
2.1. Immediate consequences of (1) are: 
A sufficient condition is that 
.. 
(2) max !lac <p(xt)IIF;::.;; M · p( 2 a, xc) 
i i~l 
for some p E F. 
A necessary condition is that 
" (3) II 2 a, <p(Xt)IIF;:;;;M ·max p(a, x,) 
i=l • 
for some p E F. 
2.2. A combination of (2) and (3) may be given in the following special case. 
Suppose that the topology on E is determined by the single semi-norm p. 
Suppose that G is an orthogonal family in E. 
The definition of orthogonal families is given in [5], where the existence 
of such sets is proved for normed spaces. However, it is easily seen, that 
the proof remains valid when the topology is determined by a semi-norm. 
In this case an orthogonal family is no longer necessarily a linearly in-
dependent system.1) The condition (1) takes then the form 
.. 
(4) II 2 ac <p(Xt)IIF;:;;;M. max latiP(Xt) 
i-1 ~~-~" 
1) Structure theorems of the kind mentioned in [5] in more general locally 
convex spaces over K are llllknown. 
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Theorem 2. Under these conditions a solution of the problem of 
theorem 1 exists if and only if 
(5) llrp(x)I/F ~ M · p(x) 
for all x EG. 
Proof. The necessity follows immediately from (4). 
Sufficiency: 
" 1/ ~ ai rp(xt)IIF~max llat rp(xi)IIF~M ·max latlp(xt)=M ·p( ~at Xt). 
i i i=l 
2.3. It follows from (5) that x EG, p(x)=O implies rp(x)=O. Because 
N P C N x) every x E G with p(x) =1= 0 can be transformed in such a way 
that p(x) = 1. Call the set G orthonormal in this case. Because (5) becomes 
then 
we have: 
rp(x) = 0 for all x E G with p(x) = 0, 
llrp(x)IIF~M for x E G, 
A mapping <p from an orthonormal family in the space E, satisfying the 
condition N, into a spherically complete space F can be extended to a linear 
continuous mapping of E into F with the same norm if and only if rp is 
bounded on the family. 
3. Application of these properties in special spaces gives conditions for 
solutions of moment problems in non-archimedean spaces. 
3.1 The space O(X). 
Let X be a Hausdorff zerodimensionallocally compact topological space. 
Suppose K is spherically complete. O(X) denotes the Banach space of the 
continuous functions on X with compact support and values in K, 
topologized by the sup norm. Let I' beaK-valued integral on X (for the 
definition see [6]). 
Theorem 3. An integral I' satisfying 
1/t-ti/~M 
J /tdt-t=Ot , i=1, 2, ... 
X 
for given sequences It E O(X) and Ot E K exists if and only if 
I it a, Ot I ~ M ·!~¥I .~1 atft(x)ll 
for all finite sequences (/t) and all at E K. 
257 
If (/1) is an orthonormal family, the condition is 
JO~J-;;,M, i=l, 2, .... 
3.2. The Hausdorff moment problem. 
Let K be locally compact; K is then spherically complete. Let X be 
the ring of the integers of K. 
Corollary. The moment problem 
f xndtt=On, n=O, l, 2, ... 
X 
has a solution fl with llttll-;;, M if and only if 
l .i at Ot I ~ M sup JP(x)J 
•=0 lxl ~1 
for all polynomials P; 
n 
P(x) = L ai xi. 
i~O 
By the theorem of Stone-Weierstrasz the solution, if it exists at all, 
is uniquely determined. It is evident that a necessary condition is that 
JOtJ-;;, M for all i. Thus, for instance, the moment problem 
l f xn dtt = -- , n=O, l, 2, ... 
x n+l 
has no solution. 
The condition, given in the corollary, can be put in an easier form in 
the following way. 
Instead of the problem f xndtt=On, one can consider the general 
problem 
fAn dtt=Dn , n=O, l, 2, ... , 
X 
where An is a polynomial of degree n. Now VAN DER PuT [8] has shown 
that O(X), X being compact, has an orthogonal basis {Bn}:~o• where Bn 
is a polynomial of degree n. Considering the moment problem for these 
polynomials, the conditions for the existence of a solution are very simple 
as is seen in 3.1. Now, when the integrals f xndp,=On are given it is only 
a matter of substitution to calculate the integrals f Bndtt=Dn, where Dn 
is a function of Go, 01, ... ,On. So, the necessary and sufficient conditions 
in order that the problem f xndtt=On has a solution are of the form 
l.i Atn Ot '-;;,_ M , n=O, l, 2, ... 
• ~o 
where the Atn E K are constants. This leads to certain bounds for On. 
In the following case more information about these bounds can be given. 
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Take forK the field of p-adic numbers and for X, as before, the ring 
of the integers. In this case an explicite construction of the orthogonal 
polynomials En was given by Mme AMICE [1]. They are the polynomials 
(x) = x(x-l) ... (x-n+ l) 
n n! 
where ( ~) is defined to be l. One gets the conditions 
IOol ;";M, 
I01I ;";M, 
I02-01I ;"; I2!IM, 
IOa-302+2011 ;"; 13!1 M, 
and so on. Writing symbolically On =On, the general form of the necessary 
and sufficient condition is 
IOol = 101 ;"; M, 
10(0 -1) ... (0-n+ l)l ;"; ln!l M , n= l, 2, ... 
Applying the triangle inequality, it can be seen that it is sufficient that 
IOnl ;";Mn, where Mn is of the order of ln!IM. 
Compare the conditions for the existence of a solution of the Hausdorff 
moment problem in real analysis, which have an analogous form [9]. 
3.3 Let G be a zerodimensional locally compact topological group. 
Suppose G has a Haar-measure p, with values in K. Then there is the 
problem to determine a function g : G --+ K, continuous and with compact 
support, satisfying the relations 
for given sequences Ut) and (Ot). 
It seems that t!J.e method, applied above for finding conditions under 
which there is a solution, does not lead to a result in this case, since, 
after having conditions for the problem to determine v such that v(fi) =Ot, 
the problem to determine g such that v(f) = p,(fg) has in general no solution 
because the theorem of Radon-Nikodym fails in non-archimedean inte-
gration theory. 
3.4. Theorem l is concerned not only with mappings in the field, but 
also with mappings in a space =1= K. One can consider for instance the 
space zoo of all sequences (A.t)i€1' AtE K, such that sup IA.tl <oo, normed by 
iEI 
II (A.t)iE r II= sup IA.tl· 
iEI 
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If K is c-compact, l'XJ is spherically complete. 
There are orthogonal families in zoo, but if the valuation of K is not 
discrete and if the dimension of zoo is infinite, zoo has no orthogonal base. 
We don't insist on a formulation of the form of the conditions in this 
case. 
3.5. In real analysis there are refinements of the theory by giving more 
information on the integral, for instance in O(x) by introducing functions 
of bounded variation. A generalization in non-archimedean analysis needs 
a detailed study of the integral. 
3.6. In complex analysis one knows the relation between the moment 
problem and the theory of the continued fractions with the associated 
integrals of Stieltjes J d1p . It would be interesting to study continued 
z-t 
fractions in a non-archimedean valued field, especially with regard to 
convergence and divergence. 
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